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Performance of First-order Loops Incorporating Time Delay

Gailda A. AL-Suheal
Llarversiy of Basrah, Coliege of Engineering
Dept. of Cotmputers Engineering

Absiract

The influence of time delay on the statistical behaviar of the firsc-order

phase-locked-loop  is  investigated

in VHF and UHF synchronous

communication systems. The Fokker-Plank eguation has been propossd to
gstimate the probability density fonction {pdh of phase fluctuations as well

as the averzge time to loss lock in the presence of noise. The resub reveal
that the degradation in the loop performance ooours wnder various
conditions of detuning when the mherent time delay is present
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I- Introduction
First-order PLLs have besn extemsively
srudied and their behavior have been well
analvzed  [1-5]. In such loops, the

equivalent noise bandwidth is  directly
proportianat to the loop gain. Qo the other
hand. the tracking performance and
acquisition ramge are directly improved
when the loop gain s increased. Such
confticting  properies indicate rhat these
loops have no adequate jmmuniny againsi
the effect of the presence ol additive noise,
This & an essential reason for not using
first-order PLLs exlensively in warious
synchronous systems.

However.  in modern  synchronous
COMMuUnication systems operating at high
frequencies.  as well as in microwave
frequency bands. first - order loops are

itiplemented to achieve synchronous such
as in radar sysiems |3-8] In this type of
applicatians, the inherent cesponse of the
luap clements can be neglected This is due
to the fact that the response of such devices
when ocperating  at  higher frequencies
becomes  comparable with the cyele
duration of the operating frequency. Thus at
these frequencies when mralyzing the PLL
performance, ope should take into acoount
the presence of the inherent time delay as it
cause significent deterioration in the loop
properties.

Tn s paper, an exact analysis is
employed to describe the exact behavior of
the noise fluctuations in the phase of
reconstrecied carmiers at the output ofthe
loop The analysis is based on Fokker-
Planck {FP) equation o estimate the steady-
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state probability density function (pdf) of
the phase floctuations as well as the average
time to lose lock wnder varous conditions
of detuning in the presence of the dominant
time delay.
2- Aradytical Madel

The model under consideration shown in
fip. 1 with loop filter F(s)=1, is analyzed
by onc-timensional Fakker-Planck
equation [1,2]. When the input signal of
power A’ is accompanied by an additive
nise, 1hEn

Vilt)=v2 A sin &{1) + nie) Gl

whete bi(t] is (he phase of the Inpun and nft)
is the parrow band and stationary Gaussian
noise, n{=¥2 m(t) singxt + 42 0, (0 cose.t
Jwith m(t) and noft} of zere mean valne and
are stalistically independent of one sided
spectral density N, watt/Hz and taking inle
account that the bandwidth of the inpu
noise iz muwh larger than the loop noise
brandwidth,

The omipit of the voltage-controlled-
oscillator (VOO is assumed as

Vool cos ety L 129

where §1,((} is the overall phase of the ¥YCO
output. The phase detecror iz assumed 1o be
of the multipiying type, then

Vo= V¥ L2-b

VA1) is the output of the phase detector (al
depends on ihe wa] phase crmor $(1 Fdilt)-
#ity  amd oo the noise process, Afer
neglecting the double frequency terms from
the product and afier amplificalivn by
factor G, then

Vaft)= Ky G Fiph{ A g[p{}) +nlty }  ...(3)

Where p=didt 15 the heaviside operator and
i3 is the phase detector sensitivity and ¢t
accounts for the total instantancous phase
emor in the loop input and outpul phases
given respeciively by,

$iE) = ot (D) Y 7%

and,

alt ) = .t . Bodt} e L

@ is the frequency of the received signal
and @, is the gquiescent of the VOO,
However, the equivalent noise process nit)
can be defined as,

TUELE= =1 {T) 5inBoit) + nz{(ﬂ cosBoft) . .{8)

&0 and 6,1) are arbitrary and random
processes. Furthermore, n'(t} is stationary
process with cxectly the same siatistics of
ity and nz(t). In the case of the first-order
loop, Fizi=1 then the equivalent expression
is, Fs1=Tis) with T(s} being an acbitrary
transter  fanetion. It indicales  the
incorporation of the time delay within the
loop. Thereby

T(s) =&Yy
T, is assumed to be the overall time delay
incorporating  within the loop. The
operation of the YL with constant K, is
dusctibed by

B0~ Ke Velt) T )
and inconssquence,

() = B0 — K T(p) [A g9 + '] -..49)
with K=K, K4G is the overell loop gain. The
initial radian frequency detuning (frequency
nffsct) can be defined by [1,7],

B,(t) = £2 = i -, st i )
rewrting equation ¥ using cqn. 10, the

differential equation that describes the loop
aperation becomes Bs,

0 = 0, —K TIp} [A (&) +0'(0) ..£11)






3- Fahker-Flanck Eguation
If the filter i8 omitied in Fig.l, then

- F{gexp(-sTy). Forther, since nit) i= a
Whike- Caussian (WGY  process, e
ipstantenecus chaoge 1n ¢ represented by
its derivative which depends only on the
present value of §(t} and the present value
of noise [5.7]. Hence, it} is a contimeous
Merkov process end & random walk
technique [s wed o determine s
probability density funetion. This property
of this process iz employed to satisfy the
 pne-dimensional Fokker-Planck ¢quation
Thenn the following &Hme  dependent
differential equation booomes,

& Pia.t) d
e = oo (O — KA TU) sing} Pl
g1 a4

1 KNG 3Ph)

where &} i 1aken reduced module-27, 20d
by =olving cgn. 12 based on  initial
condition,

P#,0) ~ y & d-om2nim) e k1)

Tor one period of the phase error {with n=0)
pver ihe interval -mgfgmm, the iminal
condition becomes

Fi¢.0 = S{d-4a} SO 1
with boundary sonditios,

Pim,0) = P(-m,01 =0 forallt ... {14-b}
and the normabized condition,

L.P(-:'-,t} g =t forallt ....{l4-c}

using H=Tip}gip), then for simzoidal
phase detector characteristic  gib)sind,
thereby FI'-equation becomes,

GP(dty B
w2 - e {K A G IP(RT)
Bt 34
1 KEN, 3Rt
F s e S (15)
3 2 ad
in the steady-state, as 1—koo,
ap
lim —=0 e A16)
t=pon S

then Poi¢)=Pidt) is the steady-state pdf of
#

d 1 K¥Nyd *P($)

- o fK A (% PR - — seerems

d4 702 dé
....... {17

equation 17 45 en ordinary differential
equation and in which,

Ki#) = €0 K A0 U | XY
Ky =KINSZ {18-b)
Furthermore 85 t—sov, consideting

Lim <(p)= 4.4 = C €y}  -..(18<)

t—oo

where C 15 sssumed fo be an arbitrary
constant  depending om  the bandwidth
parameter of the loop in finear model, and

=4 AKN,=ATN, B, = P o [19-8)

f=45 KN, w151
are parzmelcrs o cheracterize the leop
performance, whereby @ represents the
luop signal-to-neise ko (S/M} relative to
the loop bandwidith By, and then y=fi/n=01/
N, is the nommalized initia detuning in the
loop. Therehy, the genersl solution of FP-
equalion in the steady-state becomes

Iz
Pig}- C'oexpl-Usd)]] exp[Usty2ldy 200
with,
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L}
Udtry=- Bo+ed <g.0x) dx e d21)
and ' is the nommalized constant found
from the normalized condition of eqn, 14-¢
Hs

n f+lx
el { expf Ul tUu00] d6 dx ...(22)

However, two significant cases moust be
investigated to obtain the actual modulo-2:
pdf of phase erroc:

CASE(T); Pdl with non-zero detuning
{0}

When the frequency of the incoming sipnal
differs from the quiescent frequency of the
VOO, there mey be aciua!l difference
between trapsmitter and receiver {called
Doppler shifl), As a result. The steady-siate
pdf of ¢ can be deduced as,

F{d)=C", explo(cosd Ra-vé)).
iy

[ expl-afcostRety))dy ...(23)

with ©=1/Ra {or &’=Co=ay), where o’ is
considersd as the effecttve S mtio, then
the copstant C°; becomes

n rix
V=] | explofeostcost )l Rt oopi-y)]
5l dé dy ...(24)

Consequently, the results of pdf in the
steady-state are plotted in Figures 2-4 for
various values of 1, o and KT, The curves
tend 1o degrade as the amount of noise
increases and as the time delay increases.

CASE(Y.: PAf with zero-detuning (y=0)
When the incoming signal is known so that
the ¥YCO frequency can be set according,
the problem is merely one of wacking the
phase. Then

Pig) = C yenp[ucosd)

= expla’cosg) alofa’y ... (25)

where L{a') 15 the Bessel function of zerp-
order. For large o',

') = expla’] A2n & forot==1....(26)

4- The stativtics in the steady-state
The statistical properties of the reduced

modulo-2r of the error ¢it) determine the
accuracy of the formation of the recovernd
signal involving the mean-value and
vatriance duc to the presence of additive
noise. The cyele slipping determines the
synchronization reliability by the mean time
to first-alip {lossof-lock), frequency of
slipping cycles and the probability of
synchronization failure.

4-f Momenss of phise error:
The sccond-moment ¢t} denotes the
mean-square value and the variames of
phase emor iz expressed by,

o =] ¥ P ¢

assuming that the mean value of 4it)
equals zero, Thus thw results abtained are
illustrated in g3,

4-2 The Mean-Time Ta First-Slip
When the loop i initially in-lock the

phase error must remgin within the limits
id | <d. where +_ are the boundaries of
1y, and then the [lirsi-passage time
hecomes,

TR S
2e(r).BL=0.5 e y [ Sxp|w{cosp-cosy)
L k.

+ gyl dy d¢

Letting by =d,+2n and -y ~d-2m, while
assuming ¢~ then cgn, 28 produces the
mean-time 1o first-slip. For the special case
of [0 (ie =0 when the frequency of the
incomipg signal equabs the VOO frequency
(i.e. wi=ide), the equilibriom phase crror
position  becomes ¢=0; otherwise when
@l the cquilibtium position becomes
nonzere, However, the results are given in




Figures 6 and 7 under different conditions
of detyning and time delay.

4-3 Number of Cyeles gainedJost per pnft

time:

The cyele slipptog phenomenon s
cheracterized by the aversge number of
cycles per unit time (8) The average
number of cycles gained per second (N+)
gnd that of ¢ycles (N-} have been obtained
for the first-order loop incorporating time
detay. For the special case ol v={, the slips
gither in right (plus) or Jeft {minus} has the
same probabilily and the probability of
pccurrence of synchronization failure can
be described by [1,7],

P(t)= 1- exp(-5 1)

Figurz & illustrates an example of
synchronization failure,

5- [Mzcussion
The paper has dealt with Fakier-Planck

technique in order 1o investigate the effect
of the incotporated time delay in the
presence of noise under different conditions
of detuning. The resulls highlight the
performence of the first-order loop in the
steady-siaic as shown m Fipures  2-8.
However, the following poidls are obtained
to summarize the loop performance:

1- For high SW ralo, it can be
concluded that the pdf of the phase
error P(¢)  becomes  unifonnly
distributed  for high wvalues of
additive noise. {n the presence of
delay error, the depradation in the
rhase crror probability takes place
for high values of KT, and tow S5/N
TEhOs.

2- The noise bandwidih of the loop
steadily increases with lime delay
upti! the loop evenlually becomes
unstable at limit KT =2 (i.c 207,

J- The parameter (y) has important
effect on P{¢). For any increment in
¥ there is 8 reauliing shift in the
maximum valve of P} in the

direction of detuning and P
becomes  asymmetic  as  the
detuning epproaches the
synehromization  Mmit (ie. when
=1},

4- An increment in the degradation of
F{f) will take place as the delay
error incresses in the loop. This is
due to the detecoration in the noise

bandwidth  in  the presence of
mherent delay ermor,

5- Fokker-Planck  techrique  gives
unlimited  soldion for PLLs

performance and the threshold can
be evaluated by the cycle slip male.
If the edditive noise is sufficiently
large, the verance of the VCO
increases causing cycle slipping
plenomenon.  The  phepomenon
increases due o the additive noise
as weli as the initial frequency
detuning.

6 In e case of Ffrst-order loop
incofpotating  delay  error,  the
average number of cycles slips per
unit time will ingrease as compared
with the case of non-delay error
This means (hat the delay will
deteriorate the leop bandwidth and
in consequenee the degradation in
the etfective S/ ratio accompanies
the loop aperation,

Finally, the FP-equation can be applied

for higher-order PLLs in the presenee of

delay error but it requires more details
in the anzlysis to obtain the suitable
approximated solwtion to n-dirmensions!
loops. In this case, the cycle slips ratc
can not be evatuaied as the inverse of
the mean-time o first-slip for higher-
ooder loops. This is dug to the fact that
the small time t, many cycles have ghort
dusation compared to the mean-time
between =lips and then the slips oceur in
burst mode {1,6].

& Concigsion
The paper has discussed the exact

nenlinear behavier of the first-order PLL
ingorporating time defay for YHF and LIHF
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systems in the presence of poise. The
anelysis  is bascd on  Folder-Flanck

- equation in the steady-siaic. In fact, the

study tends 1o find an exact selution for the
fiest-order {oop and intoduces a good line
i predicats the statistical behavior of the
higher-order loops followiag FP-equation.
The cxact solution leads o cvabuate and
compute the (hreshold phenomenon thraugh
the cycle slip rate (S) and the probability of
synchronization faihure can be obtained for
such loop, In fact, the anelysis can be
employed to desoribe and invesnpate
optical frst-order loops in many recent
optical commumication systoms.
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